Lorentz symmetry breaking effects on relativistic EPR (Einstein-Podolsky-Rosen) correlations are discussed. From the modified Maxwell theory coupled to gravity, we establish a possible scenario of the Lorentz symmetry violation and write an effective metric for the Minkowski spacetime.
I. INTRODUCTION
In special relativity, the Wigner rotation corresponds to the product of two Lorentz boots in different directions which gives rise to a boost preceded or followed by a rotation [1, 2] .
Besides, the Wigner rotation is characterized by leaving the 4-momentum of the particle unchanged and making a precession of the spins in the rest frame of the particles. One effect associated with the Wigner rotation is the Thomas precession [3, 4] . Another effect associated with the Wigner rotation is the precession of spins of the relativistic EinsteinPodolsky-Rosen (EPR) correlation [5] with respect to the initial configuration of spins due to the action of Lorentz transformations. This precession of spins yields an apparent deterioration of the initial correlations between the spins and decreases the degree of violation of the Bell inequality. In Refs. [6] [7] [8] [9] [10] , it is shown that there exists decrease in the degree of the Bell inequality is yielded by the relativistic motion of the particle in the Minkowski spacetime. On the other hand, in curved spacetime, the decrease in the degree of the Bell inequality is yielded by the relativistic motion of the particles, the gravitational field and the position of the observers [11] [12] [13] [14] [15] . Other interesting studies of quantum entanglement in curved spacetime have been made in Refs. [16] [17] [18] [19] [20] [21] .
A geometric approach was proposed by Borzeszkowski and Mensky [22] in order to study the relativistic EPR correlations in the presence of a gravitational field by applying the parallel transport along the world lines of the particles. However, Terashima and Ueda [12] showed that by taking into account the accelerated motion of the particle and the gravitational field, thus, the parallel transport cannot yield the perfect direction of the relativistic EPR correlations. From this perspective, a geometric approach based on the Fermi-Walker transport has been proposed in Ref. [14] in order to obtain the Wigner rotation angle and the precession of the spins of a relativistic EPR correlation.
In this paper, we discuss the Lorentz symmetry breaking effects on relativistic EPR correlations. We start by introducing the description of fermions in curved spacetime in the presence of Lorentz symmetry breaking effects. The interest in studying the violation of the Lorentz symmetry, for instance, comes from the origin of electron electric dipole moment in which is not explained by the Standard Model of particle physics. At present days, just experimental upper bounds have been established [23] . From this perspective, a necessity of investigating the physics beyond the Standard Model has arisen. A possible way of dealing with a scenario beyond the Standard Model is the extension of the mechanism for spontaneous symmetry breaking through vector or tensor fields, which implies that the Lorentz symmetry is violated. The seminal work made by Kostelecký and Samuel [24] in the string theory, where it is shown that the Lorentz symmetry is violated through a spontaneous symmetry breaking mechanism triggered by the appearance of nonvanishing vacuum expectation values of nontrivial Lorentz tensors, is considered to be the starting point for building several models that deal with the violation of the Lorentz symmetry.
Such models are considered to be effective theories whose analysis of the phenomenological aspect at low energies may provide information and impose restrictions on the fundamental theory in which they stem from. In particular, a geometrical approach to investigating the effects of the violation of the Lorentz symmetry on photons was proposed in Refs. [25, 26] , where the Lagrangian of the modified Maxwell theory coupled to gravity is written in terms of an effective metric tensor. Therefore, our first objective in this work is to extend the geometrical approach proposed in Refs. [25, 26] to a fermionic field by modifying the Minkowski spacetime. Then, by establishing a possible scenario of the Lorentz symmetry violation, we wish to investigate the effects of the Lorentz violation on a gedanken experiment with relativistic entangled particles. From a classical mechanical point of view, we obtain the Wigner rotation angle via the Fermi-Walker transport of spinors. Further, from a quantum mechanical point of view, we consider the WKB approximation [27, 28] and study the influence of Lorentz symmetry breaking effects on the relativistic EPR correlations.
The structure of this paper is as follows: In section II, we make a brief introduction to the modified Maxwell theory coupled to gravity that allows us to obtain an effective metric for a curved spacetime under Lorentz symmetry breaking effects; in section III, we introduce the Fermi-Walker transport of spinors and establish a fixed time-like 4-vector in which determine the scenario of the Lorentz symmetry. Then, we calculate the Wigner rotation angle; in section IV, we discuss the effects of the Lorentz violation symmetry on the relativistic EPR correlations and on the Bell inequality; in section V, we present ours conclusions.
II. GEOMETRICAL APPROACH
Due to a lack of a more fundamental theory that, for instance, explain the upper bounds established in experiments for the electron electric dipole moment [23, 29] , a necessity of investigating the physics beyond the Standard Model has arisen in recent years. A possible way of dealing with a scenario beyond the Standard Model was proposed by Kostelecký and Samuel [24] in the string theory, where there exists an extension of the mechanism for the spontaneous symmetry breaking via vector or tensor fields which implies that the Lorentz symmetry is violated. These models that deal with the physics beyond the Standard Model are considered as effective theories and are called as the Standard Model Extension (SME) [30] . In this framework, the effective Lagrangian corresponds to the usual Lagrangian of the Standard Model to which is added to the Standard Model operators a Lorentz violation tensor background. The effective Lagrangian is written as an invariant under the Lorentz transformation of coordinates in order to guarantee that the observer independence of physics. However, the physically relevant transformations are those that affect only the dynamical fields of the theory. These changes are called particle transformations, whereas the coordinate transformations (including the background tensor) are called the observer transformations. In Refs. [31] [32] [33] , one can find a deep analysis of these concepts. Concerning the experimental searches for the CPT/Lorentz-violation signals, the generality of the SME has provided the basis for many investigations. In the flat spacetime limit, empirical studies include muons [34] , mesons [35, 36] , baryons [37, 38] , photons [39, 40] , electrons [41] , neutrinos [42] and the Higgs sector [43] . The gravity sector has also been explored in Refs. [44, 45] . In Ref. [46] , one can find the current limits on the coefficients of the Lorentz symmetry violation. In recent years, Lorentz symmetry breaking effects have been investigated in the hydrogen atom [47] , on the Rashba coupling [48, 49] , in a quantum ring [50] , in Weyl semi-metals [51] , in tensor backgrounds [52, 53] , in the quantum Hall effect [54] and geometric quantum phases [55] [56] [57] .
After the seminal work made by Kostelecký and Mewes [58, 59] , a great deal of works [25, 26, 30, 31, 44, 45, 52, [60] [61] [62] [63] have discussed the extension of the Standard Model in the even sector of SME by the following term:
In particular, the tensor K abcd does not violate the CPT-symmetry. It is well-known that the violation of the CPTsymmetry implies that the Lorentz invariance is violated [64] , however, the reverse is not necessarily true. The action S = − (η acκbd − η adκbc + η bdκac − η bcκad ). In addition, we can define a normalized parameter 4-vector ξ a that satisfies the conditions:
ξ a ξ a = 1 for the timelike case and ξ a ξ a = −1 for the spacelike case; thus, we can decompose
, where κ =
3κ
ab ξ a ξ b . By following Refs. [26, 65] , we consider parameter κ to be a spacetime independent parameter, where 0 ≤ κ < 2. Recently, two interesting works [25, 26] have shown that the Lagrange density to the nonbirefringent modified Maxwell theory coupled to gravity can be written in terms of an effective metric
, where this effective metric tensor is given by [25, 26] :
where the parameter ǫ is defined as ǫ = In recent years, a geometrical approach to study Lorentz symmetry breaking effects has been proposed based on the Kaluza-Klein theory, by considering the Lorentz violating tensor fields with expectation values along the extra directions [40, 66] . Based on this perspective, our proposal is to extend the geometric approximation that gives rise to the effective metric tensor (1) to a fermionic field by modifying the Minkowski spacetime. In Refs. [25, 26, [67] [68] [69] is discussed that the generalized second law of thermodynamics would be violated by the modified Maxwell theory and fermions in the presence of a black hole. However, if the Minkowski spacetime is modified by the effects of a Lorentz symmetry breaking background, therefore there is nothing, at first principles, that prohibit fields and particles described by the Standard Model to feel the anisotropies described by the effective metric tensor (1 Thereby, the Dirac equation can be written in terms of the effective metric tensorḡ µρ (x).
Despite we do not work with the Dirac equation directly, we deal with the wave function through the WKB approximation [27] and assume that it is a solution to the Dirac equation in the spacetime background described by the effective metric tensor (1). Therefore, by assuming that this extension is possible, the aim of this work is to investigate the Lorentz symmetry breaking effects on relativistic EPR correlations in the Minkowski spacetime. By establishing a possible scenario of the Lorentz symmetry violation, we obtain the Wigner rotation angle via the Fermi-Walker transport of spinors and also consider the WKB approximation [27, 28] in order that the influence of Lorentz symmetry breaking effects on the relativistic EPR correlations can be discussed.
III. FERMI-WALKER TRANSPORT OF SPINORS AND WIGNER ROTATION
In this section, we deal with spinors in curvilinear coordinates, then, an appropriate way of working is to use the mathematical approach of spinors in curved spacetime since spinors are defined locally and where spinors transform according to the infinitesimal Lorentz transformations [71] . Therefore, we need to build a local reference frame for the observers through a noncoordinate basis defined asθ a = e another point x ′ under the action of external forces, but without torque, the law of transport is given by the Fermi-Walker transport [4, 74, 75] . For spinors, the Fermi-Walker transport is given by
where
is the 4-acceleration (∇ µ are the components of the covariant derivative) and τ is the proper time of a particle. The Fermi-Walker transport was introduced in the quantum mechanical context by Anandan [28] through the WKB approximation [27] , where the wave packet can be Fermi-Walker transported from a initial point x to a final point x ′ if a particle is moving in an accelerated path, but no torque exists. In the present work, we propose to modify the operator that determines this evolution of the wave packet in order to work with the spinorial algebra. Hence, the modified operator that gives rise to the Fermi-Walker transport of a spinor is given by [14, 15] Ξ =P exp
whereP denotes the path ordering operator, Σ ab = In what follows, let us write the Minkowski spacetime in cylindrical coordinates,
, in order to study quantum effects associated with Lorentz symmetry breaking effects in the geometrical picture given by the effective metric tensor (1). Let us proceed with the choice of the local reference frame for the observers as beingθ a = c dt, 
In this case, we have that the condition ξ µ (x) ξ µ (x) = const established in Refs. [25, 26, 61] is satisfied, then, the effective metric becomes
and the local reference frame of the observers related to the effective metric given in Eq. (5) can be defined asΘ
By solving the Cartan structure equations in the absence of torsion dΘ a + ω 
where tanh ξ = 
Returning to the operator (3) that gives rise to the Fermi-Walker transport of a spinor, we have that the Dirac matrices γ a are given in (2 + 1) dimensions [77, 78] :
and γ 2 = iσ 2 , matrices σ k are the Pauli matrices and satisfy the relation (
Therefore, the operator (3) is written aŝ
where Γ and Γ 2 are matrices defined in the form:
The parameters written in the matrices above are η 1 = Φ sinh ξ cosh ξ and η 2 = Φ 1 + √ 1 − ǫ sinh 2 ξ , and the parameter β established in Eqs. (9) and (10) is
The angle β given in Eq. (11) In particular, the effects of the Lorentz symmetry violation background on the Wigner rotation can be viewed through the presence of the parameter ǫ in Eq. (11) . On the other hand, by taking ǫ = 0 in Eq. (11), the effects of the Lorentz symmetry violation vanish and we recover the Wigner rotation angle in the Minkowski spacetime which is defined by the accelerated motion of the particles, the position of the observers [12] .
IV. RELATIVISTIC EPR CORRELATIONS AND BELL'S INEQUALITY
Now, let us deal with the Fermi-Walker transport of spinors in (2 + 1) dimensions in the context of the quantum theory. Since classical paths cannot be established in a quantum system, we perform the WKB approximation in order to introduce a geometric approach yielded by the Fermi-Walker transport operator given in Eq. (9) and study relativistic EPR correlations in a general relativity background. Let us begin by writing the relativistic EPR quantum states in a general relativity background as given in Ref. [12] :
where p a (x) is defined in the local reference frame of the observers, x denotes the position of the observers and σ =↑, ↓ denotes the spins of the particles. Hence, by definition, each state above transforms under local Lorentz transformations in the spin-half representation at each local reference frame of the observers.
By considering an EPR source and two observers on the plane defined by ρ = const and z = 0, where their positions are given by the azimuthal angles ϕ = 0 and ϕ = ±Φ, respectively, hence, before the emission of the EPR pair of particles from the source in opposite directions in the circular motion, the initial states of the particle are described by
where the 4-momentum of each particle in the local reference frame is given by p a ± (0) = m c (cosh ξ, 0, 0, ± sinh ξ), and the spins are parallel to the 1-axis of the local reference frame as in Ref. [12] .
After the emission of the relativistic EPR pair of particles, we consider the WKB approximation in order to describe the Fermi-Walker transport of the quantum state (13) from the initial point ϕ = 0 to the final points ϕ = ±Φ where the observers are placed. Note that the operator (9) acts on each spin state of the particle, therefore we labelΞ ± = cos acts on the spin states of the particle with momentum p a − . Let us consider the observers to be in the rest frame of the particles given in Eq. (6), then, after applying the Fermi-Walker transport on the quantum state (13), we obtain the following quantum state in the points ϕ = ±Φ where the observers are placed:
Observe that the Fermi-Walker transport operator (9) acts on the spinors, that is, on the spin states, thus, the quantum state of the correlated particles obtained in Eq. (14) is analogous to the quantum states obtained in Ref. [13] via infinitesimal Lorentz transformations (applied at each point of the spacetime from ϕ = 0 to ϕ = ±Φ) in the sense that the spins of the relativistic correlated particles in the initial EPR correlation undergo a precession that depends on the angle β, while the 4-momentum of the particles remains unchanged in the local reference frame of the observers [28] . However, we can see that the final state of the relativistic correlated particles is given by the superposition of the states |ψ − , |ψ + and |φ + and depends on the angle of the Wigner rotation β and the parameter ξ, which differs from the state obtained in Refs. [13] . Moreover, no spurious effects from arbitrary rotations of the local axis exist, since the Fermi-Walker reference frame is built in such a way that the local axis do not rotate.
As pointed out in Refs. [12, 13] , the states of the relativistic correlated particles after undergoing the Wigner rotation suggests that the initial spin anticorrelations given in Eq.
(13) are broken if the observers measure the spin in the direction of the 1-axis. Actually, the quantum state (14) shows that the direction of the spin measurements in which the observers can make at the points ϕ = ±Φ must be rotated about the 3-axis of the local reference frame of observers through the angles ∓β, respectively. This means that, by knowing the relativistic effects that stem from the acceleration of the particles and the background of the Lorentz symmetry violation, we can recover the initial spin anticorrelations given in Eq.
(13) by rotating the spin axis of measurement through the angles ∓β about the 3-axis of the local reference frame of the observers at ϕ = ±Φ.
Let us analyse the violation of the Bell inequality in this system. Since the particles are moving in a circular motion on the plane defined by ρ = const and z = 0, then, suppose that the first observer is placed in ϕ = +Φ and measure the component of the spin through the observablesâ andâ ′ , while the second observer is placed in ϕ = −Φ and measure the component of the spin through the observablesb andb ′ , where these operators are defined asâ =
By following Ref. [79] , the maximum violation of the Bell inequality can be given by âb + â ′b + âb
by taking the quantum state given in Eq. (14), we obtain
We can see in Eq. (15) that the violation of the Bell inequality depends on the angle of the Wigner rotation β given in Eq. (11) and the parameter ξ. Observe that the violation of the Bell inequality obtained from the quantum state of the correlated particles (14) , given by the Fermi-Walker transport of spinors, is different with respect to that obtained in Ref. [13] . This dependence on the angle β and the parameter ξ means that the degree of violation of the Bell inequality decreases by making the spin measurements on the 1-axis of the local reference frame of the observers at ϕ = ±Φ. This result stems from the relativistic effects of the Lorentz symmetry violation background and the accelerated motion of the correlated particles in the plane defined by z = 0 and ρ = const. However, by rotating the the spin axes of measurements through the angles ∓β about the 3-axis of the local reference frame of the observers at ϕ = ±Φ, we can recover both the initial spin anticorrelations and the maximum violation of the Bell inequality. 
